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ABSTRACT

Discrete affine systems are obtained by applying dilations to a given shift-invariant system.
The complicated structure of the affine system is due, first and foremost, to the fact that it is not
invariant under shifts. Affine frames carry the additional difficulty that they are “global” in nature:
it is the entire interaction between the various dilation levels that determines whether the System
is a frame, and not the behaviour of the system within one dilation level.

We completely unravel the structure of the affine system with the aid of two new notions:

_the affine product,'and a quasi-affine system. This leads to a characterization of affine frames;
the induced characterization of tight affine frames is in terms of exact orthogonality relations that
the wavelets should satisfy on the Fourier domain. Several results, such as a general oversampling
theorem follow from these characterizations.

Most importantly, the affine product can be factored during a multiresolution analysis con-
struction, and this leads to a complete characterization of all tight frames that can be constructed
by such methods. Moreover, this characterization suggests very simple sufficient conditions for
constructing tight frames from multiresolution. Of particular importance are the facts that the
underlying scaling function does not need to satisfy any a priori conditions, and that the freedom
offered by redundancy can be fully exploited in these constructions.
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Affine systems in L»(R%): the analysis of the analysis operator

ANMOS RON AND ZUOWET SHEN

1. Introduction

1.1. General

The present paper is the last in a series of three all devoted to the study of shift-invariant
frames and shift-invariant stable (=Riesz) bases for L-_,(IR'/). d > 1, or a subspace of it. In the first
paper. [RS1], we studied such bases under the mere assumption that the basis set can be written as
a collection of shifts (namely. integer translates) of a set of generators @. The second paper [RS2]
analyses the Weyl-Heisenberg frames and Riesz bases. In the present paper, we study applications
of the results of [RS1] to wavelet (or affine) frames. Wavelet systems are not shift-invariant. hence
the basic analvsis of [RS1] camnot be directly applied to this case.

Our original intent was to write a paper on alfine Riesz bases and affine frames. The present
paper, however. is devoted solely to fundamental atfine frames. The primary reason is that the
fiberization techniques of [RS1] allowed us to unravel completely the complicated structure of the
analysis operator (or more precisely, of the so-called “frame operator”) of an affine system. with
less success with respeet to the relevant synthesis operator. In fact, the current wavelet theory is
(implicitly) centered around the synthesis operator. since, initially, the synthesis operator scemns to
be very attractive: its transformation to the frequency domain can be done by standard Fourier
analysis methods, and this leads to a very simple structure when the system is orthonormal or semi-
orthonormal. That, in our opinion, is deceptive: as soon as onc attempts to study non-orthogonal
systems, the painfully complicated structure of this operator emerges, a structure which is easy to
reveal and hard to unravel. In addition, the operator does not interact well with multiresolution
constructions, in the scuse that its basic component. the bracket product, cannot be factored during
the construction.

We believe that the study of the analysis operator in this paper results in the first complete
systematic intrinsic analysis of affine systews, and. to explain this point of view, we bricfly compare
the typical results here to the present state-of-the-art in this ficld. Wavelet thcory is currently
dominated by the innovative idea of multiresolution analysis (=:MRA; c¢f. [Ma], [Mec]). By all
accounts, MRA constitutes a major breakthrough in the understanding of affine systems. and
even more importantly. for the construction of such systems. However, the current MRA theory
suffers in several important aspects. Firstly. its main body consists of sufficient conditions for:
obtaining “good” systems. and not of characterizations of such systems. Furthermore. the typical
assumptions begin with the imposition of stringent conditions on the refinable space. Added to
that, the sufficient conditions are not given intrinsically in terms of the system, but rather, in terms

of the algorithm used for its construction: Put it differently. “good” systems, constructed by “bad”

methods, are unapproachable. Secondly, almost all existing MRA results are about irredundant
systems: not only that the additional freedom offered by redundancy have not been successfully
exploited to date, but. due to their global nature and lack of biorthogonality relations, redundant

systems remain, by and large, an unanswered challenge to multiresolution analysis.




Tn contrast with the above. the results of this paper center around a new non-constructive
indrinsic analvsis of affine svstems. It is carried out in any spatial dimension d, for any integer dila-
tion matrix s. and any number of wavelets. It results in complete characterizations of fundamental
frames and fundamental tight frames together with formulace for the associated frame bounds. The
characterizations. as well as the bound formulae, are given in terms of the norins and inverse-noris
of a certain family of constant-coofficient non-negative definite self-adjoint infinite-ovder matri-
cos. referred to hereafter as “libers™. These characterizations, in their essence, cannot distinguish
hotween redundant and irredundant systems; however. other methods may then be emploved to
characterize irredundancy: in the case of tight frames / orthonormal systems the additional step
is straightforward, and a complete characterization of fundaunental orthonormal affine systems is

therefore obtained.

While our theory does not assuine and does not suggest any constructive way for obtaining the
affine system, it reduces the analysis of systemns constructed by wmultiresolution to sinple arithmetic
calculations: the main reason for that is that the basic component of the analysis operator. the
newly defined affine product. can be factored during the MRA construction. The study of MRA
coustructions can then be carried out without any a priori restrictions on the spatial dimension.
the dilation matrix, and/or the number of scaling functions. Furthermore, the scaling functions
may or may not be “good” generators for Vp, the number of wavelets may_be arbitrarily large
(which means that sometimes redundancy is inevitable). and the mask functions arc not a-priori
restricted in any way (other than being measurable and appropriately periodic). In that generality,
we provide a complete characterization of all fundamental tight frames that can be constructed by
multiresolution. These characterizations lead to a very simple sufficient condition, given cutirely in
terms of mask functions, that guarantees the construction to yield a fundamental tight frame. The

results here provide an clear evidence to the “power of redundancy”: the simple sufficient condition

is based on the ability to find a matrix whose first row is given, and whose columns are orthonormal;
redundancy allows one to have more rows than columns in that matrix. As an illustration for that
power, compactly supported tight affine frames generated by 2m univariate splines of order 2m are
constructed.

In addition, several (seemingly unrelated and none related to MRA) observations now in the
literature may be explained and thereby generalized, with the aid of the results here. To mention
fow examples, Daubechies-Tchamitchian’s upper frame bound estimate, [D1], is closely related to
the bounding the €-norm of a self-adjoint matrix by its (\-normn, while their lower frame bound
estimate corresponds to inverse-norm estimates of a diagonally dominant matrix. Daubechies’ and

Chui-Shi’s bounds in terms of a “Littlewood-Paley type expression” (sce [D2], [CS2] and [CS4])

can now be understood as an attempt to estimate the norm and inverse-norm of a Hermitian
miatrix in terms of its diagonal entrics, while Chui-Shi oversampling results [CS1], [CS3] and [CS4],
follow at once by observing that the fibers associated with the oversampling system are, up to a

normalization factor, submatrices of those associated with the original system.
1.2. Univariate dyadic systems

We illustrate some of the main observations made in the paper by discussing them in a partic-

nlarly simple setup, when the spatial dimension d is 1 (i.e.. we decompose L,(IR)), and the dilations
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are dyadic. We assume here basic familiarity with wavelet theory, and defer various definitions to
the main body of the article.

An affine system X C L, is a collection of functions of the form

X = |J D*E(D).
IYY/A

where ¥ C Ly(R) is finite, E(¥) = Uyey E() is the collection of shifts i.e., integer translates, of
¥, and D is the dyadic dilation operator D : f — V2 f(2). The functions in ¥ are the generators
of X, usually referred to as (mother) wavelets. The analysis operator T* is the map

T :Lz—)(fz(.\’) e {(f,.’l:)}zex.

The system X is a fundamental frame if T* is well-defined, bounded and bounded below. A
fundamental frame is tight if, up to a scalar multiple. T* is unitary. The frame bounds are the
numbers ||T*]|?, and 1/||T*~Y||%.

We introduce in this paper, and extensively use, the following affine product:

oo - '
Yfw,w'] = Z Z H(2*w)p(2*'), w,w €RR,
YEY k=x(w-w')
where k is the dyadic valuation:

k:R— Z:ww~ inf{k € Z: 2*w € 277} i e

(Thus, x(0) = —o0, and &(w) = 0o unless w is 27-dyadic.) Our convention is that Pfw,w'] 1= 00
unless we have absolute convergence in the corresponding sun. Throughout the introduction, we
always assume that

|¥(w)| = O(Jw|~"/?7%), near co, for some & >0,

for every wavelet 9 € ¥. The assumption is so mild (even the Haar function satisfies it!) that we
forgo mentioning it in the formal statements of this section. Finally, we set, forr >0,

H.:={f€Ly: |suppfﬁ [—r,7]| =0}

Since the system X is not shift-invariant, and since our fiberization techniques from [RS1]

‘assume this shift-invariance at their outset, we analyse X by associating it with two different shift-

invariant systems. The first, and simpler one, is the truncated affine system Xo, obtained by simply
removing from X the non-shift-invariant part, i.e., the part generated by negative dilations. The
truncated system X is primarily useful for the analysis of Riesz basis systems (the case when T*
is surjective): this property cannot be lost while passing to a subsystem, and, in fact, the converse

is also true.




It is harder to study redundant fundamental frames (i.c.. fundamental frames that are not
Riesz bases) with the aid of truncation. and the reason is essential: frames cannot be “locally
anadvsed”, meaning that X can be a frame while a subset Y C X may not be a frame (for the
closed subspace of Ly that it spans): thus. one is not likely to be able to analvse “frame properties”
of X. by analysing analogous properties of subsets of .X. This also may explain the fact that,
to date, the literature on multiresolution constructions of afline systems (which are very “local”
methods in the above sense) contains a wealth of results about orthonormal aftine systems, as well
as many results on Riesz basis systems. and only a handful. specific, results on frame constructions.

Partial success in connecting between the analysis operators of X and Xy is obtained upon
restricting the latter one to spaces of the form H,., r — oo. Qur study of that limit process, which
is detailed in the paper, reveals a fundamental connection between the affine system A and another
shift-invariant system which we call the quasi-affine system associated with X', and denote by .X'7.
It is obtained from X by replacing, for each v € ¥, k <0, and j € ZZ. the function 28/29p(2% - +7)
that appears in X, by the 27% functions

226+ ) +5), a=0.1,....27" L

Note that, while the affine system is dilation-invariant but not shift-invariant, the situation with
the quasi-affine system is complementary. '

It is obvious that “basis properties” of X (such as orthogonality) are not preserved while
passing to X7. In contrast, the following basic result, which is a special case of Theorem 5.5, holds:

Theorem 1.1. An affine system is a fundamental frame if and only if its quasi-affine counterpart

is a fundamental frame. Furthermore, the two systems have identical frame bounds. In particular,

the affine system is tight if and only if the quasi-affine system is tight.

We then analyse the affine system X via the so-called “dual Gramian” fibers, é(w), welR?
(which may be only ahnost everywhere defined) of the shift-invariant X, [RS1]. Each fiber G(w)
is a non-negative definite self-adjoint matrix whose rows and columns are indexed by 27ZZ, and

whose (a, 8)-entry is
C:'(w)(a, B) = V|w+a,w+ /.

Each matrix is considered as an endomorphism of €,(27ZZ) with norm denoted by § *(w) and inverse
norm G*~{(w). It is understood that §*(w) := oo whenever G (w) does not represent a bounded
operator, and a similar remark applies to ¢*~(w). We then conclude from Theorem 1.1 and the
results of [RS1] the following:

Theorem 1.2. Let X be an affine system generated by . Let G* and G*~ be the dual Gramian
norm functions defined as above. Then X is a fundamental frame if and only if G*,G*~ € Loo.

Furthermore, the frame hounds of X are ||G*||1., and 1/ || 1

It is casy to conclude the following from the above theorem (cf. Corollary 5.7 for the general

case):




Corollary 1.3.
(a) An affine svstem XN generated by v is a fundamemal tight frame with frame hound C if and

onlv if

(1. 1) Vw.w] = C.

and

(L.5) Vijw.w + 27 + 4w j] =0,

for a.c. « € R and j € ZZ.
(b) Au affine svstem X is a fundamental orthonormal syvstem if and onlv if (1.5) holds. (1.4) holds
with C = 1. and U lies on the unit sphere of L.

Note that the diagonal entries of the dual Gramian matrices have the form

o0
(1.6) Pw=> Y (25 w) 2.
PEW k=00

Thus. known estimates for the frames bounds in terms of this expression [D1]. [CS1], [CS2] and
[CS3], can be accurately viewed as an estimation of the norm and the inverse norm of a non-negative
definite matrix via the inspection of its diagonal entries. Furthermore, in complete analogy to semi-
orthogonal systews, one can define here diagonal affine systems as the case when Ww,w'] = 0, for
every w # «'. In this case, the frame bounds are entirely determined by (1.6). and a dual frame
can be conveniently constructed by “diagonal” division, i.c., dividing each o by ¥|w,w].

Several applications of the above analysis are described in the paper. Among these, we mention
here only the one concerning the construction of tight frames using multiresolution with a single
scaling function. Here, we assume ¢ € L, to be refinable with mask 74, and mean that -

$(2) = 750,

for some 2x-periodic 74, lim, (Z(w) =1= ;/;(()), and that (Z decays at Foc at a polynomial rate
no slower than 1/2 446, § > 0.
Given any finite set ¥ in the closed lincar span V; of the half-shifts of ¢(2-), it is then possible

to represent cach ¢ € ¥ on the Fourier domain as

~

I)b(2) = Tl/ld)a
for some 2r-periodic 7y, assumed hereafter to be (essentially) bounded. We then construct a matrix
A which has two columns and 1 + #Y¥ rows, whose ¢-row is

[T([n T(/;(' + ”)}1

‘and with the other rows being

[ro, o (- +7)], Y €W,
Note that. iinportantly, we are not assuming the matrix A to be square, and that no major assump-
tion has been made so far with respect to ¢ and 7,. The following is a special case of Corollary
0.7




Theorem 1.7. Under the assumptions listed above. if the columns of the matrix A are orthonormal
for almost every w € [0. 7). then ¥ generates a fundamental tight affine frame with frame bound 1.

Note that the construction is “local” but the analysis cannot be so: The shifts of ¥ cannot be
expected in general to form a frame for V| or a subspace of it. Note also that if ¥ is a singleton.
the matrix A is 2 = 2. and the above construction can succeed only if 74 is a conjugate quadrature
filter (CQF). t.c.,

176l + |7a(- + ) =1. ac

Thus, given a CQF 7. one may, for example. uses Mallat's construction (see [Ma]) to yield a tight
frame genecrated by a single wavelet. This result (for the present particular setup) is essentially due
to [L}.

We also remark that the shifts E(¢) of a refinable function ¢ whose refinement mask is CQF
do not necessarily form a frame of V := D=V, In fact. if. e.g., ;/; vanishes on a null-set. only (as
is the case when o is a compactly supported, or an exponentially decaying function). then £(¢)
cannot be a redundant frame (see [RS1]). It follows then. in case the CQF mask of the refinable
¢ is finite, E(a) is a frame only when it is orthonormal. Hence, the above-detailed construction of
tight affine frames is of particular interest since it covers cases when ¢ is a “bad” generator of V.
In fact, affine frames constructed by MRA from a frame E($) are already analysed in the present
literature; cf. [LC] and [BL].

Theorem 1.7 does not characterize all tight frames constructed by multiresolution. However,
such characterization is possible, and is given in Theorem 6.5.

Finally, the following result (which is a special case of Corollary 6.8) concerns the construction

of orthonormal systems:

Corollary 1.8. Assume that A is a square matrix. Then. the tight frame constructed in Theorem

1.7 is orthonormal if and only if ||¢|| = 1.

The standard cnrrent argument for constructing an orthonormal affine system from multireso-
lution, assumes that the shifts of the scaling function arc orthonormal (cf. [D2]). which forces 74 to
be CQF. However, the above result shows that, given a CQF, an orthonormal system is guaranteed
by the mere assumption that the scaling function has norm 1 (recall that one cannot adjust ¢ to
have norm 1. since we already assume (}5(0) = 1). Under the additional assumption that 7, is a
polynomial, this fact has been established in [D2] for the case discussed in this section. and [LLS]

for the general case.
1.3. Compactly supported tight spline frames

Our goal in this paper is confined to developing the basic theory of discrete affine systeis.
Therefore, applications are discussed because they are cither instrumental to wavelet theory (such
as the discussion in 46). or as an ancedotal illustration (such as the discussion in §4.3). In particular,
no part of this paper is devoted to specific constructions of wavelet svstems.

However. it should he undoubtedly clear that constructing tight frames based on results like
Theorem 1.7 is extremely simple. if one is willing to use sufficiently many wavelets. The simplest

construction we are able to observe is detailed in this subsection.




Let m be a positive integer, and define To(w) := cos®™(w/2). The polynomial 7, is the refine-
ment mask of the centered B-spline ¢ of order 2m: '

sin®™ (w/2)

W) =

We deﬁne 2m (2w-periodic) wavelet masks by
2m 1. {) 2m—=n
(W) = ) sin™(w/2) cos (w/2). 1< n<2m,
7

anzci;;lét 7 := (1,)2",. We then observe that, firstly,
| (T(w), T(w)) = (cos?(w/2) + sin’(w/2))*™ =1,
and that, secondly,
(T(w), 7w+ ) = (sin(w/2)‘cos(w/2))2’"(1 - 1) = .

Therefore, the 2 wavelets defined by

~ _ om\ cos?™="(w/4) sin®™*" (w/4)
() 1= iy <n<
P (w) =1 (n) (/2 , 1<n<2m,

generate a fundamental tight frame. Note that each of the wavelets is a real valued symumetric
(or anti-symmetric) function supported in [~m,m] = supp¢ and is a spline of degree 2m — 1,
smoothness C?™~*, and knots at ZZ/2. '

© "The two piecewise-linear wavelets (that correspond to the choice m = 1) are drawn is Figure

1.“.1 o -

-

_\/ | \/— V -
Figure 1. The two wavelets that generate a CP piecewise linear tight frame.

The extension of the above algorithm to odd order splines is straightforward: one merely needs
to replace 2m by 2m — 1 and to insert a factor w — e~*/2 into the definition of the various masks.

1.4. Layout of the paper

The rest of the paper is laid out as follows. In §2 we briefly discuss frames and affine systems
in Lo, and in §3 present relevant material from [RS1). IuA§4 we discuss the relations between an
affine system and its truncated affine system. The core of our analysis is in §5, where quasi-affine
systems are studicd, and where the results of §4 are applied to vield Theorem 1.1 in its general
form. Finally, the construction of tight frames via multiresolution is the topic of §6.




2. Frames and affine frames

For a given countable subset X C L, = LZ(IR‘I), the synthesis operator T := Tx which is
used to reconstruct functions from diserete information is defined by

(2.1) T (X)) = Laterm Y cla)
TEN

For a general X, Ty is well-defined only on the finitely supported clements of (2(X). In case it
is bounded on these finitelv supported elements, it is then extended by continuity to all of £2(.X).
In that event, X is said to be a Bessel system, and we refer then to the number 1Ty 117 as the
Bessel bound of .X. The adjoint of 7% of Ty is the analysis operator

Of course. the Bessel bound can be equivalently defined as | Ty |]°.
We study in this paper the following possible properties of a given svstem X

Definition 2.2. Let X be a Bessel svstem. X s a
(a) frame if ranT is closed (equivalently. if ranT” is closed).
(b) Riesz basis if it is a frame and T is 1-1; otherwise. the frame X is redundant.

(¢c) fundamental frame if it is a frame and T is 1-1.

If X is a frame, the restriction of T to the orthogonal complement (in £2(X)) of ker T is
bounded below, hence invertible. This partial inverse of T is denoted here by 77!, and a similar
definition is used to“define 7*~'. For a frame X, it is customary to refer to the Bessel bound
IT]|?> as the upper frame bound. The complementary bound is |T7'[|7% = 1T*=1|=2 and is
sometimes called the lower frame bound. Thus. in the instance of a fundamental framne, the

frame bounds are the sharpest constants in the inequalities
I, <N flE oy S CNFIL,. VS € Lo

A frame whose upper and lower bonnds coincide is a tight frame. One should note that it is
usually casier to handle inverses than pseudo-inverses. and it is thus desired to study the operator
that is known to be injective; consequently, the study of a Riesz basis .\ is best done with the aid
of T. and the study of a fundamental frame X is best done with 7. Indeed. this paper foenses on
Jundamental frames. and exclusively approaches the problem via T,

The following clementary fact will be used in this paper as the link between tight frames and

orthonormal ones.

Proposition 2.3. Let X be a tight frame in Ly (not necessarily fundamental) with frame bhound
. Theu:
(a) X lies in the closed unit ball of L.

S




(b) X is orthonormal if and only if it lies on the unit sphere of Ly.

Proof. Since .X is assumed to be tight with bound I, TT* and T*T are orthogonal pro-
Jjectors. Thus. for every atom 2 € X the sequence T cannot exceed in norm the d-sequence in
€2(X) with one-point support in & (since T*x = T*T4§, and T*T is orthogonal). Consequently,
IT*z|| < 1. and since the value T*.r assumes at ¢ is [[xf?. we conclude that {|.¢||* < 1 with equality

only if T‘(,\J:.:f = (). This proves (a). and (b} casily follows. 0.

In order for X to be fundamental in L. it should. necessarily, be infinite. In practice, however,
one generates X by applying certain unitary operators to one or few functions, called the gener-
ators of the system. In the context of affine (wavelet) systems, two such operators. dilation and
translation, are employed in the construction of .X. Here. the dilation operator is meant as

D: f— |dets|'?f(s),

with s a d x d invertible matrix. The matrix s is held fixed throughout the paper. and its specific
nature is usually ignored. It is only assumed to satisfy two basic properties: (i) s~' is contractive,
and (ii) the entries of s are integer numbers. The first assumption is essential in the affine context.
The second is essential for the application of our shift-invariance methods.

The second operator is the shift operator. Here. for a fixed invertible d:x d L. we define the

shift operator E’7 by
Ef:fe f(-+4), Je€LZ,

and set, for any function set &,
EL(®):={EY¢: ¢, jeZ'}.

Since the extension of our results from the lattice Z¢ to a lattice LZZ% is purely notational, we always
describe our results with respect to the integer lattice. Other lattices enter the discussion only when
two different lattices are analysed simultancously (such as in the context of oversampling).

In these terms, an affine system A consists of the orbits obtained by an application of a
discrete analog of the affine group to a finite function set ¥:

(2.4) X:={D*Eiy = E*"iDky: pe U, ke Z,je 7.
We index the function D* E74) by (1, k, j), and identify the index with the function, i.e., we set
(25) ‘ (¥, k,j) == Dkij-

Given any discrete lattice £ C IR?, the function set X is L-shift-invariant if cach E7, j € L,
maps X 1-1 onto itself. The default lattice is always Z¢. In [RS1], it was showed that the synthesis
and analysis operators of any shift-invariant X cau be decomposed, on the frequency domain, into
a collection of constant coecfficient (usually infinite-order) matrices, “fibers”, termed there the pre-
Gramian, Gramian, and dual Gramian. It was proved that the properties of being a Bessel system,

a frame, a Riesz basis, and others, can be studied by studying an analogous property for each of the

(much simpler) fibers. More details about these fiberization techniques are given in §3. However, at
the outset. of our study here, one should observe that an affine X is not invariant under any lattice
shifts, since only the s~*7Z4_shifts of D*3 are included in X, and these shifts become sparser as
k — —o0.
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Notations: bracket products. The following bracket product plays a key role in the theory of
shift-invariant svstems (cf. e.g., [JA]. [BDR1.2]. [RS1)):

(2.6) Fgl= > fC+0at+0). Jg€la

Je2a /&

Among other things. we will require the following clementary fact that follows from Parseval’s

wdentity:
= ey, o€ Lo

(1 this paper. we introduce another important bracket product: the affine (or dual) bracket

(2.7)

product. Given U € Ly, and a dilation matrix s. the product is defined as

(2.8) U] () = Y S‘ o(sfo)h(s™W). w.w' € RY

VEW b ~w)

Here. the w-function is defined by

(2.9) kiR = 7w intlh € 7Z: s h e € 22"}
Note that ~(0) = —n0, and hence the diagonal of the affine yroduct. denoted hereafter by W[, 1s
13 ] A
W] w = Z Z |l/v(s'ku;)|"’.
h'e\l’ Le‘//;

Also. #(w) = . mless w € 275** 72 for some integer k. and hence Ww.w'| = 0. unless w — W' is

1

s*-adic. Furthermore, one casily observes that W[, | is s*-invariant, 1.¢

(2.10) U[s*w,s"w') = P[w,w'], Vw,w'.

3. Preliminaries: dual Gramian fiberization of shift-invariant systems

Given a shift-invariant system E(b), & C Lo, three matrices, the pre-Gramian, the Gramian
and the dual Gramian appear in our fiberization approach in [RS1]. The most relevant to the
present context is the dual Gramian. which is a decomposition. on the Fonrier domain, of the
operator TT*. and is a collection (7(, Jow € R, of non-n(:gativo definite self-adjoint matrices. The
rows/colutnns of cach matrix are indexed by 27ZZ% (or. more generally, by the lattice dual to the
lattice of shifts that we use, viz., the lattice o L*='72%. if the shifts are taken from L7z¢ ). and the
entry (v, /3) of (:'(w) is
Glw)(o ) = Z «;(w + (l’)(?)(u) + i1).

HeED
The matrix G(w) is considered as an endomorphism acting on /12(27%“). (Initially, however, we
cannot oven assert that the entries of Gi(w) are well-defined in the sense that their sum converges
absolutely. let alone that 5’(w) represents 4 bounded endomorphism of ﬁg(?ﬂ’Z").)

The following theoremn summarizes some of dual Gramian results (cf. Corollary 3.2.2. Theorem

3.3.5. and Theorem 3.4.1 of [RS1]).
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Theorem 3.1. Let X e a svstem that consists of the shifts of some & C Lo, with a dual Gramian

G. Consider the following functions (if the underlving operator is not well-defined or is unhounded.

its norm equals oc. by definition):

G RY o Ry :ow o= G)]
g - RY - Ry oo o= [Glw)H

Then the following is truc.

(a) The following conditions are equivalent:
(i) X is a Bessel systen.
(ii) G* € Loo.
Furthermore. the Bessel bound of X is |G* 1}/« -

(b) Assume X is a Bessel svstem. Then the following conditions are equivalent.
(i) X is a fundamental frame.
(ii) G*~ € L.
Furthermore. the lower frame bound is then /)16 7|1

(¢) Assume X is a fundamental frame . Then the following conditions are equivalent:
(i) X is a tight frame.
(ii) G = CI a.c. for some constant C (with I the identity matrix).
Furthermore, (' is then the frame bound of X

4. Truncated affine systems

4.1. The connection between an affine system and its truncated counterpart

Let X be a an affine system (cf. (2.4)). Given an integer k, the truncated affine system X
is defined by

(4.1) Xpoo= {(p, k) = DY Bl e X0 K> —k},

(cf. (2.5)). It is clear that X is sk_shift-invariant. We set Xe_ := X\ Xk, and abbreviate T := Tx,
T = Tx,, and Tj.— := Ty, _. For any k, a natural isometry between the spaces €,(.Xg) and (X&)
is given by

(VEe) (4, n,j) := e(y, k + 0, ).
[t is evident that
(4.2) T, = DT VX

Since the maps V*, D* are norm-preserving, the above relation reveals a rigid connection between
the Bessel property and/or Riesz basis property of X and .Yy (see below). The analysis of redundant
frames via the above approach is harder: X can be a frame (fundamental or not) while Xy is not.
To overcome this difficulty, we investigate the restriction of the analysis operator to subspaces of Ly.
We note that the following theorem and its subsequent corollary hold for general dilation-invariant

systems.
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Theorem 4.3. Let X be a an affine systen.

(a) X is a Bessel svstem if and only if Xy is so. for somo/um k. Furthermore. [Tl = T, |-

(b) X is a Riesz basis if and only if X is so. for some/any k. Furthermore. | T4 = 1T~

(¢) Assume that X is a Bessel system. let H he some subspace of L_;(IR"). and let H' be the closure
ofU;\,Ey/‘D"' H. If, for some k. T} is hounded below on D=%H . then T* is bounded below on

H'. and

ey, AT,

=y,

Proof. The relation (4.2) proves that T, is bounded (invertible) for some ko, if and only
if T, is so for every k, and the norms are identical in such a case. The claims in (a,b) now easily
follow from the facts that (i) the boundedness and invertibility of T' are determined by its action

on the finitely supported sequences in (,(.\'). and (ii) each such sequence lies in some £2(Xg), for

sufficiently large k.
In the proof of (c), we assume. without loss, that & = 0, and first note that, in view of (a), it

may be assumed without loss that .Y and .\ are Bessel systems. Now. (:.2) implies that

Ty =V ¢y D",
Therefore, T is bounded below on H if and only if T is bounded below on D~*H, and furthermore,
Ti) ™ 1= T )l "

The boundedness below of Ty _, ~implics the boundedness below of the restriction T%) _,, of
T* to D™*H, and thus

T, )™ ST ,) ™ = 1T ) -

Since k here is arbitrary, (c) follows.

In general, it is hard for us to apply (¢) of Theorem 4.3 for the derivation of explicit conditions
for X to be a frame. However, for one specific choice of H, our tools apply. This special, yet very

important, case is described in the next result.

Corollary 4.4. Let
(4.5) H,:={f € Ly(R%) : supp f C RAQ},

and where Q. the ball of radius r around the origin. Then X is a fundamental frame if, for some
r > 0, Ty is bounded, and is also bounded below on H,. Also, with T, the restriction of Ty to
HT’

I < T

Proof. By (a) of Theorem 4.3, T* is bounded if and only if T is bounded, and therefore,

_ we may assume without loss that X is a Bessel system here. Now, we invoke (¢) of Theorem 4.3,

for the choice H := H,. Since s*~! is contractive, D™'H, D Hj., for some § < L. Therefore,
UnezD™H, is the space of all functions whose Fourier transform vanishes on some neighborhood of
the origin. Since this space is dense in L,(IRY), we obtain that T* is bounded below on the entire
LZ(IR‘I), i.e., that X is a fundamental frame. 0

12
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The converse of the above result is valid as well, but requires us to impose a decay condition
(at oc) on U (with ¥ the generating set of ). which we consider as very mild. To describe this

assumption. set, for every k € ZZ,.

and

(k) =1 Y 10l + P = mmy-

tl(‘_:‘ IS
Our decay assumption on ¥ is as follows:

X

(4.6) S Z (¢ k) < 00.
=()

weW k

It is elementary to prove that (4.6) is satisfied once 'l/Tr(w) = O(|w|™"), as w = oc. for some p > df2,
and every ¢ € V. However, there arc examples (c.g., Haar wavelets in several dimensions) that
satisfy (4.6) while violating that simpler. vet stronger, decay assumption. \Whence our decision to
stick to the more complicated (4.6).

With the additional assumption (:1.6). the condition stated in Corollary 4.4 is equivalent to X

being a fundamental frame.

Lemma 4.7. Let X be a fundamental affine frame. generated by a finite set W (cf. (2.4)) that
satisfies (4.6). Then, for every € > 0, there exists a sufficiently large r such that Tg is bounded

below on H,, and
1T, =" < IT") +e.

Proof. First, since X is assumed to be a frame, X is a Bessel system, hence Xg is a Bessel
system, too. by virtue of Theorem 4.3.

Let Ty, (Ty- . respectively) be the restriction of Ty (Tg- resp.) to H,. Clearly, for every‘
feH, e

(4.8) IT 11 = T3, A1 + 1T S
We will show that
. r—00
(4.9) T Il = o.
However, since .\ is a fundamental frame, we conclude from (4.8) that for every f € H,.
ITo FIZ =T A1 = WTo A0 2 0T 2002 = I To- P

Thus, given any € > 0, we can choose 7 sufficiently large to obtain that Ty . is bounded below and
that
s —1 -1}
15~ Il <IT* 7 [l + e
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Thus, we only need prove (4.9), and, clearly, we may assume there that ¥ is a singleton {¢},
. Y L | 0

as we do. indeed. Here, we fix k < 0, set i := D¥E(¢). and compute that (cf. (2.7))

Ty fIIP = > UD*E™ 0. I = > (E, DR
ag? ned!
=‘”$‘D_kﬂ“iﬂﬂ");W(Wtﬂkmﬁufﬁ'bﬂ Lo (i)

Since f € H,. [(s*%2) vanishes on a ball with center at the origin and radius 67, for some § < 1.
Thus,

| det -"'|k”[LEﬂ .fA(”'k')]”'i_,(’ll"') < | det ~“|k” Z f";(' + ”)l:”I,m('H“‘)” [f(-ﬁ*k‘)« A(“"A")] 7., cirey

Jer[2 bk
=1 ST 1eC+ Pl e I

| 285 r

Since || Ty— . [1I* = > r <o ITy, S1I7, we therefore conclude that

ITo_ <1 > et + @) Pllper-

k<O o>k

Selecting r = 0~% | 1! € ZZ,, the above sum becomes
g 4+

(4.10) SIS et + P ey

K>k Ja>d-*

Since we assume (4.6), this last expression is recognized as the tail of a convergent series, hence

can be made arbitrarily small by choosing large &' (i.e.. large 7). m

We summarize our findings concerning the counections between the frame propertics of an

affine system and its truncated counterpart in the following theorem.

Theorem 4.11. Let X be an affine Bessel svstem generated by the finite U, Assume that ¥
satisfics condition (4.6). Then X is a fundamental frame if and only if for some r 2 0, the
restriction Ty . of the map T to H, is bounded below. “urthermore,

IT% "= tim (75,07
T—00

Finally. two immediate consequences of Theoremn L3 (that are of negative nature) are recorded
in the following corollary.
 Corollary 4.12. Let X be an affine svstem, and X be its truncated counterpart. Then:
(a) Xy cannot be a fundamental Ricsz basis.
(b) Xy cannot be a tight frame unless ranTy is the orthogonal sum ®gezranTx \x, .,

Proof. (a): If Xy is fundamental in L,(IR%Y). then X, as a proper superset of X, cannot
be a Riesz basis for L,(IR). By Theorem 4.3, Xy is not a Riesz basis, either.
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(b): Since X is a frame, then, by (c) of Theorem 4.3. X is a frame too, and we have
ITI > /0T~ > /0T~ = 1Tl

with the equality since X is tight, and the penultimate inequality by (c) of Theorem 4.3. Further,
(a) of that theorem guarantees ||T|| = ||Tpl|, and hence, we arrive at

ITI = /1T~ = VITo ™I = | Toll,

which shows that X is also a tight frame, and has the same bounds as those of Xo. Now, let
f € ranT,. Since X and Xj are tight frames for their range, and with the same frame bounds,

and since f € ranTp C ranT, we obtain that ||T*f|| = [Ty fll. On the other hand. 1T f? =
ITe FI? + | T;- fI?. Thus, we conclude that T;_ vanishes on ranTp, and the result now easily
follows. O

There are cxamples (some can be constructed based on the biorthogonal wavelets obtained
in [CDF)) of an affine system X whose corresponding truncated system X is a frame. for which,
nonetheless, ranT is not the orthogonal sum &,ezranTx,\x,_,- This means that ‘tightness
assumption’ is (b) of the above corollary cannot be removed. o

4.2. Dual Gramian analysis of truncated affine systems
In order to compute the dual Gramian éo of the shift-invariant Xo, we need choose a suitable,
set ® for which Xy = E(®). For that, we let 'y be the quotient group

Ty := Z“/s"ﬂ“.

The same notation also stands for any set of representers for this group. Note that 'y is of order
| det s|*, and, of course, the fact that s is an integer matrix is essential here. Then, the set Dis

defined as :
& = {(¢,k,y) :=DFE"y: p €T, k>0, v€Tk}

It is straightforward to see that, indeed, the shift-invariant set E(®) generated by @ is exactly the

truncated set Xj.
Next, we observe that the Fourier transform of the function ¢ = (3, k,v) is the function

b= Df(e.,zz) = Cs—k.ny’(Z, D, : f|det s|=V2f(s* LY, ey iw @Y,

and thus the (o, 8) € 2n(Z" x Z%)-entry of Go(w) has the form

Gow)(af) = 3 3 Djw + ) DG +8) 3 eymnyle = ).

YeEY k20 vEl

The exponential sum is zero unless e,.-«(q-g) is the identity character of Ty, i.c., unless —k 2>

k(a — B) (cf. (2.9) for the definition of k). Consequently,

Go@f) =Y 3 Hstt )T+ )

YeY k=x(a-0)
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Defining the m-order truncated affine product by

m

Uoplw.w'] = Z Z I/A;(‘,,-*/“u})l/i,(sokw/).

ceW b=r(w-—w')
we can write then
(L13) Golw)(a. ) = Volw + a,w + ).

Recall that some of the main results of this section are in terms of the restriction T of T,
to I,. TFrom the dual Gramian representation as detailed in [RS1]. we easily conclude that the
assumption [ € H, renders all a-rows and a-columns of the dual Gramian (io(w) (viewed. say, as
a quadratic form) inactive. in the case |w +«f < 7. This mncans that the fibers of the dual Gramian

representation of iy . are the matrices

1 o,r
>, P
(1()_,-(&)), w & RS y

that are obtained from Go(w) by retaining the entries (cv, ) for which | + «f, jw + 8] > 7, and
removing all other entries.
We thus conclude from Theorem 3.1 and Theorem 4.11 the following result:

I3 . it ~ d
Theorem 4.14. Let X be an affine svstem generated by . Let Gy(w). and Gy »(w), w € RY, be
the dual Gramian fibers of Ty, and Ty, as detailed above. Set: '

(L.13) Go(w) = IGoll.  Gor(w) = [IGor(w) ™Il

Then:
(a) X is a Bessel svstem iff G} € L. Furthermore, the Bessel bound of X is then 1Go 1 Lo -
(b) Assume X is a Bessel svstem. If. for some v 2 0, Ggo € Lo, then \ is a fundamental frame

and its lower frame bound ¢ satisfics

Lo

(4.16) /e < lim ||
r—00

(¢) If (4.6) holds. and X is a fundamental frame, then G € Lo for all sufficiently large v, and
cquality holds in (4.16). O

4.3. Oversampling

We sidetrack in this subsection to consider the problem of owversampling an affine system.
- A reader interested in the core development of this article may skip this section without loss of
continuity.

Here, “oversampling” means that we replace, in the definition of X the integer shifts 7Z2¢ by
the denser shifts that are taken from the superlattice LZZ"* of ZZ* (thus L~ is an integer matrix).

We denote the oversampling system by X (L).
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The variant of the oversampling problem that we cousider here was initiated by Chui and Shi
[CS1]. [CS3] and [CS4]: One starts with a fundamental frame X and aims at connecting between
the bounds of X and the bounds of the oversampling X (L).

We compare between the dual Gramian én of the truncated affine .Xj and the dual Gramian
C:'(’, of the truncated oversampling X (L)y. The latter is computed in the same way we computed
Gy in §1.2. with an appropriate modification due to change of the lattice: it is now indexed by the
dual lattice of LZ%. viz., the sublattice £ := 2zL*~'7ZZ* of 27er, and its entries are

(4.17) GE(w)(a, ) =|det LI~ Y | 3 D™ (w + a))B(s**(w + ).

YEWV k=k(a—-0)

where
ki (c) ;= min{k : s**a € L}.

Note that the only two differences between the entries here of 5’6’, and those of the dual Gramian éo
of Xy are (i): the factor |det L|~! that appears here, (ii) the different definition of the s-function.
We thus conclude that the dual Gramian C:‘{, of X(L)o is a submatrix of |det L|"é(), provided
that the following “relative primality” condition holds:

k=K, oncCL.

It is straightforward to conclude from the definition of the « and k, that this condition is equivalent
to

(4.18) . ' L*-'7zéns*zd = stk L 'Z0, Yk > 0.

Note that s* and L*~! are integer matrices.

Analogous observations are valid if we replace, for r > 0, Go by 50,, and 5'(’, by 5’{,‘,, (only
that now the comparison should be done fiber by fiber since each fiber has its own set of rows and
columns).

Since all dual Gramian matrices are non-negative definite, passing to submatrices of them is
norm-reducing as well as inverse-norm reducing. The following results are therefore immediate
from Theorem 4.14, when combined with the above observations.

Theorem 4.19. Let X be a fundamental affine frame generated by ¥, with a dilation matrix s,
with Z* as its lattice of shifts, and with frame bounds ¢,C. Let X(L) be obtained from X by
replacing ZZ* by its superlattice LZZ®. Assume that (4.18) holds. Then:

(a) X(L) is a fundamental frame with upper framne bound < |det L|~'C.

(b) If, in addition, ¥ satisfies (4.6), then the lower frame bound of X(L) is > |det L|™'c.
< (c) In particular, if (4.6) holds and X is tight, then X (L) is tight, too.

Examples.
(1). Ifd=1, s =m, and L = 1/n, condition (4.18) reads as

nZZ N m*Z = mFnZz,
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and is clearly equivalent to the relative primality of m,n. Thus, this special case of Theorem .19
veneralizes the corresponding theorem of [CS3).

(2). More generally, let M be the left-hand-side of (4.18). and let p he the determinant of (any
hasis for) M: also, let a = dets [ = det L', Then, on the one hand. o must be divisible by
lean(a® . 1), while, on the other hand. since M is certainly a superlattice of the right-hand-side of
(1.18). the equality (4.18) is equivalent to |p] = [a*1]. Thus, (1.18) must hold in case det s and

det L7 " are relatively prime:

Corollary 4.20. Theorem .19 holds if we make there. instead of (1.18). the stronger assumption
g.c.d(det s, det L7 = 1.

The case when L is scalar in above corollary is essentially proved in [('Sd].

The oversamplings discussed so far are “benign™: no fundamental change in the structure of
the svstem occurs while passing from X to X(L). In §6, we will briefly revisit this problem and
will consider a rather different variant: we choose there the oversampling matrix L as the inverse

ol the dilation matrix.

5. Quasi-affine systems

The analvsis of affine systems by truncation is very useful for computing the upper frame
bound. However, it requires a limit process for the capturing of the more challenging lower frame
bound. This is particularly painful when we would like to verify that X' is tight. or that another
svstenn say Y. is dual to X: we need then to verify that the dnal Gramian matrices C'o,( )
converge, as r — oo to a scalar form; at the same time, no row or column of Co( ) belongs to all
(C'().r(w'))w

These difficultics are overcome by associating X with another shift-invariant system, X9,
referred to as the quasi-affine system of X. To recall, Xy was obtained from X by truncation,
i.c.. removing all elements (1, &, j) (as defined in (2.5)) whose index & is negative. We construct
the quasi-affine system in a more subtle way: given k& < 0, rather than removing from X the

s™*2Z2"-shift-invariant set
(T, k, ZY)} = {(w,k,5) : (h,5) € ¥ x Z},
we replace it by the larger shift-invariant system
| det s/ 2 {0, k, s* Z2}.

Thus.
X%:= XoU {|dets|¥/2(w, k,j) : ¥ € U,k < 0,5 € s*7Z2}.

Our analysis of truncated systems was independent of their dual Gramian analysis: Only after
the main results were established, we converted them into dual Gramian language. In contrast,
the dual Gramian of the quasi-affine svstem is our main tool in the derivation of the conncections
hetween the affine X and the quasi-affine X9, hence need be computed at this stage.
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In order to compute the dual Gramian G7 of X7, we write the quasi-affine system as the union
X'=X,U YiuY,u....

with
Yi = |dets|"*2E(D7* ). .

Since we have already computed in the previous section the dual Gramian 5‘0 of X, it remains to
compute the dual Gramian of Ug>1Y. The natural generators for Y, (as a shift-invariant svstem)
are &, := | det s|7*/2D =¥, whose Fourier transforms arc \IA'(.‘:"’“-). This means that the (o, 7)-entry
of the dual Gramian of X7\ .\ is

z Z o(s ™ (w + a))E(s'k(w + ﬁ)) = V[w + o,w + 4] — ¥olw + a,w + B.
VEY k=1

Therefore, we obtain from the representation (4.13) of 6’0 the following result:

Proposition 5.1. Given a quasi-affine system X7 generated by ¥, the (o, B)-entry of the dual
Gramian G(w) of X' is the affine product ¥{w + a,w + ). ’

We denote by G, (w) the norm of the fiber G9(w), and by G, (w) the norm of its inverse (with 4!
the usual convention that these numbers can be infinite). Theorem 3.1 affirms that X7 is a Bessel
system if and only if §; € Lo, and that X9 is a fundamental frame if and only if G;,G;~ € Loo-
The key then to the conncction between X9 and X lies in the following lemma:

Lemma 5.2. Let X7 be a quasi-affine system, and let r > 0. Let T, be the analysis operator of

X9, and let Ty . be its restriction to Hy. Then: a

(a)- X7 is a Bessel system (i.e., T, is bounded) if (and only if) T; . is bounded. The Bessel bound
of X is then ||T, .||*.

(b) Assume X7 is Bessel. Then, X is a fundamental frame if (and only if) T; . is bounded below
(hence invertible). Furthermore, the lower frame bound of X7 is then I]Tq‘,r"lll"l.

Proof. We prove only (a). The proof of (b) is entirely analogous.

As in the case of the truncated affine system, one can casily verify that the dual Gramian
representation of Ty . is obtained by removing from G7(w), for each w € R¢, all rows and columns
«t for which |w + @] > r. We denote by G7(w) the so obtained fibers. The norm of T7, is then the
essential supremum of the map w — ||GI(w)|}.

Fix w € RY\(27rZ"). Then there exists a positive integer k such that, with wy := s*k e,

(5.3) dist(wg, 2ws*¥Z%) > r.
Using the s*-invariance of the affine bracket product (2.10), we see that

GI(w)(e,B) = GU(wr)(s™ 5™ );




. b L . . - ; .. . perrrd
Le.. G{w) coincides with the submatrix of G7(wy) that corresponds to the indices 2zs *72". More-
over. thanks to (5.3). that submatrix in not only a submatrix of G7(wy) but also of the smaller
matrix G4(wy ). Since passing to a submatrix is norm-reducing (as well as inverse-norm reducing,

as needed for the proof of (D) on non-negative definite matrices. we therefore conclude that
"y _ ~ r 2
Go(w) = G < NG wll S T

This being true for almost every w (i.c.. every w with the exclusion of the null-set 20 7Z2%), we
conclude that

1T = liG) e < 1T 17

Since increasing the domain of any operator can only increase its norm. the converse implication

and inequality are trivial. This proves (a). O

The above lemma shows that. when analvsing a quasi-affine system. we may safely restrict
attention to any space of the form H,.. The next lemma (which is closely related to Lemma 4.7)
states that. in that event, the difference between the quasi-affine X7 and the cruncated affine X

is “negligible™.

Lemma 5.4. Let X7 be a quasi-affine system generated by . Assumc that W satisfies (4.6).
Then. for every £ > 0, there exists sufficientlv large v, such that, with Y := X\ Xy, and with Ty .
the restriction of Ty to H,.,

1Tyl <e

We postpone the proof of the lemma to the end of this section, and move to the main theorem

of this paper.

Theorem 5.5. Let X be an affine system generated by ¥, and let X7 be its quasi-affine counter-

part. Assume that ¥ satisfies (4.6). Then:

(a) X is a Bessel svstem if and oulv if X7 is a Bessel system. Furthermore, the two svstems have
the same DBessel bound.

(b) X is a fundamental frame if and only if XY js a fundamental frame. Furthermore, the two
svstems have the same frame bounds.

In particular, X is a fundamental tight trame if and only if X7 is a fundamental tight frame.

Proof. (a): If X7 is a Bessel system with Bessel bound Cy, then certainly its subset Xy is
a Bessel system with Bessel bound ¢ < (7. Invoking Theorem 4.3, we conclude that X is a Bessel
system. too. and its Bessel bound is C. as well. hence is < €. Note that we have not used (4.6) in
this part of the proof.

Conversely, assume that X is a Bessel system with bound C. Then, Theorem 4.3, Xp is a
Bessel systew, too, and with the same bound C; a fortiori, T, (=the restriction of Ty to H,)
is bounded, and its norm is < V/C, for whatever » we choose. We now choose r large cnough to
ensure that, Lemnma 5.4, ||T;‘1[]2 <z, with Ty as in that lemma. Conscquently. for every f € Hy,

T fI* = 1T, I + TSP < (C +e)lIFI
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This proves that the restriction of T3, to H, is bounded (and its norm is < v/C' + ¢). which implies,
Lemma 5.2, that N is a Bessel system with bound < /(" + ¢, Since ¢ was arbitrary. we obtain
the desired result.

(b): in view of (a), we may asswne without loss that X7 and X are Bessel svstems with the
same Bessel bonnds. Now. suppose that X7 is a fundamental frame, with lower frame hound ¢,.
Invoking Lennma 5.4 we find 7 sutliciently large such that. in that lemma’s notations. |73 ]|* < ¢.

Then. for every f € [,

Ty [ 2 (eq = IS

IT%, 1 = IT% I~ |

Assuming, without loss. that ¢, — = > 0. Theorem .11 can be invoked to vield that that 17 is a
fundamental frame. and with frame bound ¢ > ¢, — . Thus. ¢ 2> ;.
Finally. we assmme that X is a fundamental frame and with lower frame bound ¢. Theorem

4.11 then implies that. for any given £, we can fiud » such that
IT%, S 2 (e =il Vf € Iy

Since X7 is a superset of Xp, then we trivially obtain from the above that
IT%S1* 2 (e = fII%, Vf € H,

Thus. T}, is bounded below on H,. therefore. Lenmima 5.2, X7 is a fundamental frame with lower
frame bound > ¢ — z. We conclude that ¢, > . and this completes the proof of (b). O

Theorem 5.5. when combined with Theorem 3.1, provides the following complete characteri-
‘ I 8

zation of fundamental affine frames:

Theorem 5.6. Let X' be an affine system gencrated by ¥. Assume that ¥ satisfics (4.6). Let

G be a dual Gramian of the associated quasi-affine system, as described in Proposition 5.1, with

norm-function G, and inverse-norm function ;. Then:

(a) X is a Bessel system if and only if Gy € Loo. Furthermore, the Bessel bound is NGl -

(b) X is a fundamental frame if and only if G5, G~ € Lo. Furthermore. the lower frame hound
is 1/1162 ...

Our characterization of (fundamental) tight affine frames is now immediate: by Theorem 3.1
and Theorem 5.5. .\ is fundamental and tight if and only if the dual Gramian G is a.c., the scalar
matrix C'I, with (' the frame bound, i.c.. if and only is ¥[w,w'] = Céd, . However, there are
essentially only two cases here: the diagonal case w = W', and the case when s(w —w') = 0. The
other required conditions are casily derived from this latter case using the affine invariance (2.10)

of the affine product.

Corollary 5.7. Let X be an affine svstem gencrated by . Assume that (4.6) holds. Then X is

a fundamental tight framne if and only if. for almost every w,w' € R¢,
Pw.w'] = Coyuws
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equivalently,

, . g - rr7d r7d
Uw,w]=C. and Wew bal =0, forac e and every a € 2a(Z\s"7Z%).

Remark. The “diagonal condition”™ in the above characterization is

Plw.w] = Z Z I,IF(S'A.“;)I;' -

hew ke,
This. indeed, is well-known as a necessary condition for a tight frame (cf. [D2]). [m]

Remark. The last corollary implies that functions ¥ whose Fourier transforms are positive a.c.

caunot generate tight frames.

From the characterization of tight frames, one obtains the following useful characterization of

orthonormal wavelets.

Corollary 5.8. Let X be an affine svstem generated by W, Assume that (4.6) holds. Then the
following statements are equivalent:

(i) The affine set X is an orthonormal basis of Lz(IR.‘l).

(ii) Each ¢ € ¥ has normn 1. and

Ulw,w] = 1. and V[w.w+a] =0, forac. w andevery « € (25 ZY).

Proof. Obviously, X" lies on the unit sphere of L, whenever ¥ doces so. Therefore, the

result follows directly from Corollary 5.7 and Proposition 2.3. O

Remark. It is important to understand that, cven if X forms an orthonormal basis for Ly, XY
is still only a tight frame: irredundancy is lost while passing from X' to X7! On the other hand.
if X, indeed, is orthonormal and fundamental, then the shift-invariance of .Yy implics that not
only Xy L (X\Xp), but also, Xy L (X7\Xp). This means that, not only X7 is tight for L,,
but also X7\ Xy is a tight frame for the orthogonal complemnent Xg of Xy. In case X is derived
from multiresolution, X3 is the familiar scaling function space o. Hence we obtain the following

oversampling result:
Corollary 5.9. If ¥ is a collection of orthonormal wavelets constructed with respect to a scaling
function space Vg, and if they satisfv (-1.6), then the shift-invariant system

{ldet s|*2ETD*y . eV je Z k< 0}

is a tight frame for V.

Note that the corollary does not assume any particular way for obtaining the wavelets from
the multiresolution. In fact, cven the length of Vy (i.c.. the minimal number of scaling functions

whose shifts span V) is only assume here to be finite. 0
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Proof of Lemma 5.4. While it scems plausible that the statement here is weaker than that of
Lemma -7, we did not find a way to derive it directly from that lemma. hence provide a separate
(and very similar) proof. In fact, the proof does show that this is a weaker statement.

We may assume without loss that W is a singleton. Then, we let Y. be the integer shifts of
[det s|F/2D*y. Now, we fix k < 0, and f € H,. By (2.7), [Ty, fll = H[’tﬁ(s'"“),fA]HLQ(v“‘d). Taking
into account the fact that f € H,, we obtain from Holder’s inequality that

N (™5, A2 ey S 1S 1055 + )P [F. ]

|- +a|2r.

Ly(rdy-

Since H[f, f]

L, cirdy = I fII%, we then conclude that

1Ty A<l S 10675 + Pl qommin 1P

[ +eal2r

Since |s* 7F(- + a)] > d7Fr, for some & > 1. whenever |- +«@| > 7, and since s* ko ZZt ¢ 2nZZt, we

conclude that

IS (s + )Pl ormy S D 1+ Pl g immpe =t e

I +af2r f+al>d~kr

Now. (-1.6) implies that the scries Y, 5, ¢k converges. However, for the choice 7 := §ko the

above argument proves that

I = 3 I RS Y cllfI?,

k=—00 k>—ko

e, that |y ] € 245k, Ck- |

6. Tight frames and orthonormal bases constructed by multiresolution

Since its introduction by Mallat and Meyer (cf. [Ma], [Me}), multiresolution has always been
the prevalent approach for the construction of “good” affine systems (primarily with respect to the
dilation matrix s = 2I). In the constructions that we are aware of, the cardinality of ¥ has always
been | det s| — 1, and the major effort was devoted to selecting ¥ from the refinable space in a way
that the resulting affine system inherits the known “good” properties (orthonormality, Riesz basis)
of the shifts E(¢), where ¢ is the scaling function. This, however, cannot be carried over, and

‘need not be carried over to the frame constructions. Cannot, since there are intrinsic limitations

here. For example, [RS1] shows that the only way to obtain redundant frames of the form E(®),
® finite and compactly supported, is by adding redundant generators to a shift-invariant Riesz
basis E(®q). Need not, since our results suggest (and the construction in §1.3 demonstrates) that
successful constructions of affine frames, even tight ones, may be carried out under minimal or no
assumptions on the scaling function and its mask.
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Thus, our method for constructing tight frames from multiresolution does not make any pre-
asstmptions on the sealing function. and. at least theoretically, should work for almost any scaling
function ¢.

The results in this section equally apply to the ease when the refinable space is PSI (i.c.. singly
generated), or. more generallv, FST (that is, {initely sencrated). To simplify the preseutation. we

first discuss fullv the PST case. and only then skeweh the possible generalizations to FSI setups.
6.1. Multiresolution with a single scaling function

The setup is as follows: ¢ in LQ(IR.“) is given. and 15 be the closed linear span of the shifts
E(¢) of ¢. Further. o is assumed refinable (= is a scaling function = is a father wavelet)
which means that 17 := D(13) is a superspace of 1. The underlying idea of multiresolution is to
select, in some clever way, the generators U of the affine system X from the space V7, in a way that

their shifts £(U) will “complement” the shifts of . For notational convenience, we set
Pl U (o).
The assumption I’ C 17, is equivalent, [BDRI1]. to the equality
(6.1) P(s™) = Tad. e W,
for some meastrable 7= (7, )pey whose components are cach 27 ZZ%-periodic. The function 7, is
the refinement mask. and the other 7,'s are the wavelet masks.

A key role in the analysis below is played by the following 2m-periodic function. which we term
‘the fundamental function of multiresolution, and which is defined on le\(‘Zﬂ'Z'l) by

O(w) := Z O (w).

I=t)
with
k=1
Or(w) = |ru (s @) * ] Irals™ @),
=4

and where

2 2
|Te|® = Z |7..1°.
’ wew
Note that the fundamental function depends on 7,4, and on the aggregate 7y, but not on the

individual wavelet masks.

I order to analyse the coustruction of tight [rames by multiresolution, we naturally invoke
the characterization of tight frames given in Corollary 5.7. The fundamental function of mnultireso-
lution enters the discussion when we substitute the various masks into the relevant affine products.

Precisely, we have:




Lemma 6.2. Assume that w € RY. and o' € w4 20Z". If W[w.w] and V[’ '] are finite. then

(6.3) Ple L] = Polw, '] = (_)(u,‘)(,:;(u:)(")(u},).

where Wol, ] is the truncated affine product (cf. (1.13) and its preceding display). In particular,
O(w) is finite.

Proof. Since we assume W[] to be finite at w.'. Holder inequality guarantees the sum
that defines ¥w,w'] to be absolutely convergent.

Our assumption on &’ clearly implies that 7(s*/w) = 7(s"/&'). for every 7 > 0. This, combined
with the definition of ¥ and the refinability of ¢ readily implies that, for & > 0,

Z,:,‘L“ )¢/;( R = Oplw Nor(w)d(w!).

CEW

Summing the above over & = (). 1.2.... we obtain the result. a
From that, we get the following characterization of fundamental tight frames that can be
constructed by multiresolution. In that characterization. it is useful to conslder for a given t > 0,

the following bilincar form (defined on cY ):

(0, 0"y := fvd,vd, + Z vt

e
and to abbreviate
(6.4) Z:=2n(s" "' ZYZ2").

Theorem 6.5. Let ¢ be a refinable function, ¥ a finite sct of wavelets, and 7 the corresponding
refinement-wavelet mask as above. Assume that (i) ¢ satisfies (4.6), (ii) (})\(0) = liing, 0 a(w) =1,
and (iii) the mask 7 is essentially bounded. Then W generates a fundamental tight affine frame
with bound C if and only if the l'ollowing two conditions hold:

(a) For a.c. w, limpy_ oo O(s*"w) =

(b) For a.e. w,w' € RY, if k(w — ’) =1, then

(r(w), 7@ ogsra) = 0.

unless (Z vanishes identicallv on cither w + 207" or &' + REV/Al
In particular, in case @ = 1 a.e.. X is a fundamental tight affine frame if the vectors 7 and EVT
are perpendicular a.c., for every v € Z\0.

Proof. We invoke Corollarv 5.7 (the fact that U satisfies (4.6) follows from assumptions
(i) and (iii) of the present theorem). We start with the studying of the diagonal affine product
Plw,w]. Since, for all n € ZZ, '

\I/{ 1w '”Lw] - ‘II“{""'”"‘)YSHL"‘)] = Z Z |12;(S‘“+kw)|2 = \[I[w,w] - \J-ln[wvw]v

PEW k>0
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we obtain from Lemma 6.2 (after noting that (6.3) holds as long as the left hand side of that

identity is well defined) that

\I/[u;_w] — \]’I”[w’w] = (_)("'"lw')’(;(.\"”W‘)Iz.

Letting n — —oo. we conclude (from the fact that <;:(()) = 1) that Y[w.w] = limy, 4w O(s*"w).

-

Thus. the diagonal condition in Corollary 5.7 is equivalent to assumption (a) here.

Next, adopting (a) (without loss), we know that W[] is finite a.c.. and hence we may invoke

now Lemma 6.2 to conclude that, if w,w' € IR“, and r{w — ') =0, then

Plw.w'] = (—)(w)fz(w);/;(w’) + Z )W),

vew

We iterate now once again with the refinement equation and the wavelet definition to obtain:

(6.6) Ulw.w'] = (7(s" 7' w), 7(s" 7' N olst T ) e(st W),

X . d oy ,
Now, fix wo € R? and v € 2n(Z*\s*Z%). We vary w over wy + 2ms*ZZ°, and we vary w’ over
wo+r+2rs* Z¢. Regardless of the specific choice of w. . r(w—w') = 0, and the above computation

of ¥[w,w'] is valid. Furthermore,
((s* '), (" T " Moy = (T(s" wn) 75”7 wo + ) ow)-

Thus, for ¥[w,«'] to be 0 for cach of the above w,«’ it is necessary and sufficient that one of
“the following holds: either 5 vanishes on s*~lwy + 27Z¢ = s*~lw + onZZe, or 5 vanishes on
5 N wotv) +27Z¢ = s* "' +20Z%, or (7(s*~'w), 7(s" ') o) = 0. Since k(s* " 'w—s" 1) =
1, this triple condition is equivalent to (b). '

If © = 1 almost everywhere, then (a) certainly holds. Furthermore, in this case (;)ew) 19
the usual inner product, and hence the perpendicularity assumption assumed on 7 implies the
satisfaction of (b) as well, hence X is a tight frame. a

Note that the theorem allows the construction of tight frames in two steps: in the first, one
determines the aggregate |7y|, to guarantee, say, that © = 1 (or, at least, that (a) holds). Only
then, one may proceed to construct the individual masks () with the given aggregate [Twl, 50
that they satisfyv the orthogonality condition (b).

In practice. it may be hard to sclect (74)y so that the fundamental function © is 1. For
this reason, it is worth emphasizing the following important special case of Theorem 6.5, of which

Theorem 1.7 is still a special case:

Corollary 6.7. Let ¢ be a refinable function, ¥ a finite set of wavelets, and 7 the corresponding
refinement-wavelet mask as above. Assume that ¢ satisfies (4.6), and lim, g J(w) = 1. If, for a.e.
w, and every v € Z (cf. (6.4))

(T(w), 7(w + ) =d,,
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then U generates a fundamental tight frame with frame bound 1.

Proof. Fix first w € IR? such that ¢ does not vanish everywhere on w + 277", Since we
are assuming that |7(w)] = 1. it is casy to sce that O(w) = | a.c.: denoting ay = 7o (s P 2)%, we
see that

m k—1 m
Z(l - ) H a, =1- H"’j'
k=0 j=0 =0

Since ©(w) is the limit. as m — oo, of the above expression. we obtain that O(w) = 1 - HT?__U aj,

and the infinite product here trivially vanishes a.e. on the set
;-
{we R : o yynpe = U}

If, on the other hand. ;/; =0 on w + 27Z". then \17(“;) = (). and the proof of Theorem 6.5
then shows that the value of © at w is immaterial for the satistaction of condition (b) of Theorem
6.5. As to condition {(a) there, since gg(()) = 1. aud is continuous there, then for large enough n,
;;;(s“""w) # 0, and the above argument then applies to show that, for such n, O(s*™"w) =1 = 1,
as required in (a).

Thus, we conclude from Theorem 6.5 that ¥ generates a tight frame.  ~ a

Remark. Note that the above corollary requires W to have a minimal cardinality of |dets| — 1.

Moreover, when #W = |det s| — 1, the matrix
A= (E7y)vev ez

is square, and the column orthogonality assumption then imnplies that the matrix is unitary, and
in particular that

Y IET =1, ae.

veZ
Refinement masks that the satisfy the above are known as conjugate quadrature filters (CQF).
Thus, in essence, every unitary extension of the row (E¥7,),ez of a CQF mask results in a column
7 that whose masks defines wavelets that generate tight frames. Several constructive methods of
such unitary extensions are described [RiS1], [RiS2], and [JS], as a part of an effort to construct
multivariate orthonormal wavelets. Conversely, a generating set ¥ that consists of |dets| — 1
functions which is constructed as above, can form a tight frame only if 74 is CQF. However. if we
use more than | det s| — 1 generators, there does not seem to be any a-priori restriction on the mask

7 (other than the most basic conditions, such as 7,(0) = 1).

We now turn our attention to orthonormal systems. First, it is easy to conclude (say. from
the analysis of [BDR2]) that for X constructed from a PSI multiresolution to be orthonormal, it is
necessary that we do not have more than | det s| — 1 wavelets. Sccond, Corollary 5.8 characterizes
all fundamental tight frames that are orthonormal. However, since the additional assumption in
that corollary is in terms of the constructed wavelets, and not in terms of the masks and/or the

scaling function, it is worth making the following remark:
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Corollary 6.8. Let X be a fundamental tight frame generated by W owhose cardinaliey is | det s|— 1,
and which is constructed by multiresolittion in the way detailed in Corollary 6.7, Then the following
statements are equivalent:

(a) X is orthonormal.

(b) llll = 1.

Proof. Since 7 (the refinement-wavelet mask) is asswned to be unit a.e., we easily conclude

(by integrating the equality |d3|"' = () cur ]r,;.]"’)[<ﬁ|'"' =3 e iz/‘v(.s"-)|"') that

vy

et s =" (112 + 3 Mel?) = loll*.

EW

Thus.

(6.9) > lell? = ([ det s = Dlell”

Uew

-1

Now. if X is orthonormal. each ¢ has norm 1, and (since with assume to have exactly |det s
wavelets) we obtain that ||¢f = L.

Conversely, since .\ is a tight frame with frame bound L, then. Proposition 2.3, X, hence 0,
lies in the closed unit ball of L,, and therefore Zwe\p lefl? < #W¥ = |dets] — 1. However, upon
assuming ||¢|| = 1, we obtain from (6.9) that equality holds in the last inequality, and hence that

¥ lies on the unit sphere of Ly, By Corollary 5.8, .\ is orthonormal. a

Discussion. It is casy to generate examples of fundamental tight frames that cannot be constructed
by the unitary extension principle; morcover, these frames may be orthonormal, while ||4]] # 1.

For example. lot ¢g be a refinable function and let ¥ be a wavelet set that is derived from @g
by MRA.

We now switch to another generator, @, of ¥y defined by
¢ = to,

for some 2m-periodic ¢ that vanishes on a mill-set only, and that satisfies. limg, o t(w) = £(0) = 1.
Denoting by 7 the original refinement-wavelet mask, the new refinement-wavelet mask, 7 (with

respect to the same wavelet set W) satisfies

and |
Ty = —f-ﬂ:,, i € .

Denoting by ©q the fundamental function of the original MRA coustruction, and by © the funda-

mental function of the modified MRA construction, it is casy to see that
0= (-)0/|t|"’.
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With that in hand. one observes that (©g.7) satisfv conditions (a,b) of Theorem 6.5 if and only if
(©.7) satisfv these conditions. This must be so. since the theorem characterizes the tightness of
the system generated by ¥ and both MRA constructions result at the same wavelet set 0.
However. nnless ¢ is unitary, at most one the fundamental functions ©. €y can be constant.
which means that at least one of the two constructions cannot be performed by the unitary extension
recipe of Corollary 6.7. Furthermore, since # is more or less arbitrary, it is clear that we can choose
3l # 1, regradless of the fact whether W generates an orthonormal system. 0

it to guarantee

Example. We illustrate the above discussion with a simple example. Let ¢ := xjo,1), ¢2 =
X[0.2}/2. and é3 := xqo,31/3, where xq is the support function of Q. All three functions are refinable,
have mean-value 1. and their shifts span the same refinable space V5; the orthonorimal Haar wavelet
system can thus be derived from the MRA based on either of these three functions.

The mask of ¢, is CQF and the unitary extension leads here, indeed, to that Haar wavelet.
The mask of ¢4 is also CQF, but the unitary extension cannot vield the Haar wavelets (e.g., since
lléall # 1). though. of course, one obtains a tight frame. Finally, the mask of é. is not CQF. The
previous discussion shows that the MRAs constructions that lead to the Haar wavelet from either
@2 or ¢y cannot invoke the unitary extension principle: the two underlying fundamental functions

are not constant. w L D

Oversampling, continued. We continue the analysis of the oversampling procedure that was
outlined in §4.3. We now assume that the oversampling L is the inverse s~' of the dilation matrix
s. This, of course. violates condition (4.18). Indeed, as is pointed out in [CS3]. the oversampling

of the univariate dyadic orthonormal Haar system by 2 does not yield a tight framne. As a matter
of fact, the following result shows, in particular, that oversampling by a factor of 2 of any dyadic

affine system, which is generated from MRA by a compactly supported scaling function, can never
yield a tight frame; this is regardless whether the original system is a frame or not.

Proposition 6.10. Let ¢ be a refinable function, and ¥ a finite subset of V. Assume that ¥
satisfies (1.6), that W[] is finite a.c., and that ¢ vanishes almost nowhere. Let X be the affine
system generated by ¥, and let Y be the oversampling of X with respect to the lattice s—lzd.
Then Y is not a fundamental tight frame. -

Remarks. We first stress that X is not assumed to be frame, « fortiori it is not assumed to be a

tight frame. Also, the proof below shows that the condition ¢ # 0 a.c. can be relaxed; however, k

without any restriction on supp$ the statement is not valid: the univariate wavelet that is derived
from the sinc-function (and whose Fourier transform is the support function of [—2m, —7]U [, 27])
generates an orthonormal dyadic affine system. Oversampling by an integer amount results in a
fundamental semi-orthonormal tight frame.

Proof. The new lattice of shifts is s ! Zd, Lence its dual is 2ms*ZZ¢. Thus, ina way entirely
analogous to (4.17), we find that the dual Gramian fibers of the quasi-affine Y are indexed by
ors*ZZ", and the (0, a)-entry being

dets] 3= 3 B (W)B(s™ (w + ).

YEVY k=x _ (a)
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We choose a non-diagonal entry (0, @) with £;-1 (@) = 0 i.e.. a = 57, for some ag € R IV/A \s‘Zd).
From that it follows that, with wg := $* " 'w, our (0. «a)-entry of the dual Gramian of Y7 is

| det s Z Z'l?;(.ﬁ"k(\,u'(])):(S‘k(u}() + (vg)).

PpeY 1

This expression was computed in Lemma 6.2, and was shown to be

~

| det s|@(w0)d>(w0):/:(¢n + «vg).

Since we assume that. up to a null set, supp$ = R it follows, Corollary 5.7, that, if ¥ is tight,
O = 0 a.e. However. this is absurd since each summand of © is non-negative and the first summand

is |7g|?: if this summand is 0 a.e., all our wavelets arc 0. a

6.2. Multiresolution with several scaling functions

Here, we assume that the space Vg is FSI and refinable. This means by definition that the
shifts E(®), & C L, finite, are fundamental in Vy, and that V) := D(V}) is a superspace of V.

Regardless of any further assumptions, this implies that
‘I’(s'~) = TP,

for some & x @ wmatrix 74, whose entrics are measurable and 27-periodic. The wavelets ¥ are
constructed with the aid of another matrix, 7¢ whose entrics are 27-periodic and measurable, and
whose order is ¥ x &, that is
‘I’(S") = T\y(p.

The augmented matrix 7 has now the order of (¢ U W) x ©.

The arithmetic manipulations presented in the previous section can be carried verbatim to the
FSI setup, with an appropriate conversion of the various expressions. For example, the orthogonality
conditions expressed in Corollary 6.7 should now read as 7*(w)7(w + v) = 4,1, with [ the & x @
identity matrix. The function ©y is replaced by the ¢ x ¢ matrix

sk-1 3

Top(w) T (s*w)" ... Te(s w)* Ty (s w)'T.y(s'kw)rq,(s‘k"'w) e T (w).
The fundamental function © is, thus, a non-negative definite @ x ® matrix, and should be interpreted
in Lemma 6.2 as a bilinear form.

We checked, for example, the details of Corollary 6.7: while the product H}'f__(, a; that appears
in the proof of that corollary is now a matrix product. and may not converge to 0, it suffices to
show that this product converges to 0 as a bilincar form acting on a fixed vector pair ((f)(w), (/I;(w’)),
something that follows easily. Further, the continuity assumption on (Z at the origin should be

replaced by the assumption that limw_,(,(@*(:):f))(w) =1.
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